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Abstract—The paper deals with the estimation of the noise
characteristics of a linear system described by the state space
model. In particular, the stress is laid on the linear systems
with the measurement noise correlated in time. The method,
providing unbiased estimates of the state and measurement
noise characteristics is analytically derived. The method
extends, in principle, the concept of the correlation methods
by explicit consideration of the noise time-correlation. The
method is also modified into the form suitable for a sensor
calibration procedure typically realized by the Allan variance
method. The theoretical results are thoroughly discussed and
the proposed method is validated using numerical examples.
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I. INTRODUCTION

The state estimation, signal processing, and control de-
sign methods require not only the complete knowledge of
the functions in the system description but also of statistics
of the noises affecting the system. The assumption of the
known noise statistics is, however, questionable in many
cases. Incorrect description of the noise statistics may cause
significant worsening of estimation or control quality or
even divergence of the underlying algorithm output.

From the seventies, various methods for estimation of
the state-space model noise covariance matrices have been
proposed. The methods can be divided into several cat-
egories; correlation methods [1]-[5], Bayesian estimation
methods [6], maximum likelihood estimation methods [7],
covariance matching methods [8], methods based on the
minimax approach [9], subspace methods [10], prediction
error methods [11], the Kalman filter working as a pa-
rameter estimator [12], or methods tied with variational
Bayesian approximation [13]. Besides the noise covariance
matrix estimation methods, alternative approaches directly
estimating the gain of a linear estimator have been de-
veloped as well [1], [14], [15]. A characterisation of the
methods with their assumptions, properties, and limitations
can be found in e.g., [3], [9], [16], [17].

All the methods have been prevailingly proposed for the
linear (often time-invariant) systems under the assumption
of the white noises (zero-mean and uncorrelated in time)
in the state and measurement equations. Such assumption
might, however, be limiting in certain scenarios where
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sensors with a time-correlated noise description are con-
sidered. Typically, the inertial sensors belong into this
category.

The goal of the paper is to propose a method providing
the estimates of the noise characteristics for the linear
systems if the state noise is assumed to be white and the
measurement noise to be correlated in time (coloured). The
proposed method, extending the family of the correlation
methods, is shown to provide the unbiased estimates.

The rest of the paper is organised as follows. In Sec-
tion 2, the system description is defined and the problem
formulation is stated. In Section 3, the method estimating
the characteristics of the state and measurement noise is
proposed and thoroughly discussed. Within this section,
a simplified version of the method suitable for a sensor
calibration procedure is given as well. The numerical illus-
trations are described and evaluated in Section 4. Section 5
then concludes the paper.

II. SYSTEM DEFINITION AND PROBLEM STATEMENT
A discrete-time linear stochastic dynamic system

M
(@)

Xp1 = Fxp +wi, k=0,1,2,...,T,
z, = Hxp + v, k=0,1,2,...,T,

is considered where the vectors x; € R"* and z; € R"=
represent the immeasurable state of the system and the
measurement at time instant k, respectively. The system
and measurement matrices F € R"=*"= and H € R"=*"=
are supposed to be known as well as the characteristics of
the initial state of the system x( described by the mean X,
and the covariance matrix Py.

The variables wj € R™* and v, € R"= are the state and
measurement noises. The state noise is assumed to be white
with the covariance matrix Q € R™=*"=_The measurement
noise is modelled as

Vi =V + 0+ ug, 3)
where uy, is a white noise with the covariance matrix R, €
R™=*7- 3 ¢ R™>! js a constant vector, and v, is a
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process correlated in time described by the (zero-mean)
Gauss-Markov (GM) process of the first order

“

with §;,_; being a (white) driving noise with the covariance
matrix Re € R"#*"= and a € R"#*": being a stable
constant matrix. The steady-state covariance matrix (in the
vector form) of the GM process is

(Rl/)’UCC = (Inﬁ —a® a)il(Rﬁ)vecy (5)

where Ing is the identity matrix of the indicated dimension,
the symbol ® denotes the Kronecker product, and the nota-
tion (A),e. means the columnwise stacking of a matrix A
into a vector [18]. The overall variance of the measurement
noise is then

vy =oavi_1+&,

(6)

The system and measurement noise sequences {wy} and
{vy} are assumed to be mutually independent processes
and independent of the initial state.

The characteristics of the state and measurement noises,
i.e., the matrices and vectors Q, R¢, Ry, a, and 3 are
assumed to be unknown! and thus, to be estimated.

R = cov[vi] =R, + Ry

III. ESTIMATION OF NOISE CHARACTERISTICS

The proposed method for estimation of the noise char-
acteristics of linear systems with time-correlated noise
in the measurement equation extends the concept of the
autocovariance least-squares (ALS) correlation method.

The ALS method has been designed for estimation of the
noise covariance matrices of the linear systems with white
state and measurement noises [3]-[5], [19]. The method is
based on the analysis of the innovation sequence of a “non-
optimal” linear estimator. The method is briefly introduced
in Appendix A.

A. Autocovariance least-squares time-

correlated measurement noise

method  for

In this section, the ALS method respecting the time-
correlated measurement noise is designed and analysed.
The method is based on analysis of the multistep predictor
estimate error.

1) State predictor: The multistep predictor of the state
and measurement [5] is defined as

ik-i»l = F)A(/kay
21, — Hiy, Vk,

(7
()
with the initial condition Xg = X(. The state prediction
error €, and the measurement prediction error (innovation)
e, are then equal to

&)
(10

Ek+1 = Xpt1 — Xp1 = Fep + wy,
e, =z, — 2z = Hep + vi.
Note that the state prediction error is independent of the
measurement noise in this case.

LAl the characteristics except of (3 are the covariance matrices. Only
the vector (3 is related to the mean of the process (3).

2) State prediction error properties: Assuming the sta-
ble matrix F', the state prediction error is a (white) random
process with zero mean and steady-state covariance matrix
given by the solution to the Lyapunov equation

P. =FP.FT + Q. (11

Using the Kronecker calculus, the solution (in vector form)
can be written as

(Ps)vcc = (Inf -Fo® F)ileco

Note that the steady-state matrix P, is a linear function of
the unknown matrix Q.

3) Measurement prediction error properties: With re-
spect to properties of the state prediction (9) and the
measurement noise (3), the steady-state mean of the mea-
surement prediction error (10) is

Elex] = 8. (13)

The steady-state covariance matrix of the measurement
prediction error is, respecting the independence of e (9)
and wy, (1), equal to

Co = covle] = E[(ex. — B)(-)"] = HP.H" + R
=HP.H" + R, +R,, (14)
where the notation E[(a)(-)T] means E[(a)(a)T]. The

steady-state cross-covariance matrix with a lag of length
J can be computed as

Cj = covlex, ex—;] = El(ex — B)(ex—; — B)"]
E[(Heg + vy + wg)(Hepj + vy +wpj)" |
= HF'P_HT + /R, (15)
with 7 =1,...,N —1 and R, given by (5).
4) Derivation of ALS method: The proposed ALS
method for estimation of the characteristics of the state

and measurement noises is based, in fact, on an algorithm
with the following two subsequent steps:

(12)

i. estimation of the (cross-)covariance matrices of the
measurement prediction error sequence, i.e., of Cp (14)
and C; (15), on the basis of available measurements,

ii. estimation of the unknown noise characteristics on the
basis of the previous step outputs and relations (11)—
(15).

In the first step it is thus necessary to compute the

measurement prediction error sequence according to (10),

ie., as
€er = Zp — Zk,Vk' (16)

Then, having the sequence, the (cross-)covariance matrices
(14), (15) can be estimated by

T
Co=7 (e —B)()7, (7)
A k=lT A A
Ci=72= (ex—B)lery — ATV,  (18)
k=1
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where

B= 19

Sl

T
e
k=1

is directly an estimate of the unknown mean (13) of the
measurement prediction error. It is worth noting that the
sample based statistics (17)-(19) represent the unbiased
estimates of the respective quantities, i.e.,

E[B] =B, ElC] =Co, E[C;] =Cj,
which converge to the true values inversely with number of
data T'. This conclusion can be approached by taking ex-
pectation of (17)-(19) respecting the properties of sample-
based mean and covariance matrix computation [3].

In the second step, the estimate of the remaining noise
characteristics, namely the covariance matrices Q, Ry, and
R, and the noise dynamic matrix c, is given by

6 = argmin |[b — G(0) >

(20)

@n

where

o 0O is a vector of all unknown matrices element defined
as

0 = [QUTEU (R’f)gec’ (RU)vTem avTec]T’

e G(0) is a known, generally nonlinear?, function w.r.t.
the vector of unknown parameters 6 stemming from
(14), (15) and it is defined as

G(0)=([20(8)",21(0)",....en1(0)"]7), .., (23)

« b is a known vector of dependent variables defined as

(22)

b= (c}(m)m 24)
with
Ce(N) = [C5.CF .. R aIT, (25)
and || - ||2 denotes the Lo-norm.

Equation (21) cannot be minimised analytically and an
iterative minimisation method for the solution to the non-
linear least-squares (NLS) needs to be employed. Among
these methods, the Gauss-Newton method and other gradi-
ent based methods are often used [20], [21].

It should be also mentioned that with respect to the form
of (5) appearing in (15) it might be favourable to estimate
by the NLS the matrices Q, R,, R,, « instead of the
matrices Q, R¢, Ry, o which were considered heretofore.
Direct estimation of R, instead of R¢ (seemingly) reduces
the “nonlinearity” of the considered minimisation problem
solved by the NLS as the only nonlinearity is given by the
product &/R,, in (15) and no rational function stemming
from (5) is involved. Such an approach basically follows
the idea of the transformably linear models discussed e.g.,
in [20], [21].

2t should be mentioned that the matrices Q, R, appears in (17), (18)
in a linear fashion.

5) Algorithm of ALS method (a scalar case): The re-
lations provided in the previous section are rather general.
The particular forms to be minimised depend among others
on the assumed properties of sought covariance matrices
(for example, matrix diagonality, equality of certain ele-
ments).

In this section, the proposed ALS method is detailed for a
scalar system, i.e., for (1), (2) with n, = n, = 1 assuming
the usage of the Gauss-Newton minimisation technique.

The algorithm of the ALS method for linear system noise
characteristics estimation can be written in the following
steps:

i. Compute measurement prediction error sequence

{ex}1_, according to (16).

ii. Compute sample-based estimate of the mean 3 of the
sequence according to (19).

Compute sample-based estimates of the variance Cy

and covariances C; according to (17) and (18), re-

spectively, for 5 =1,..., N —1 with N > 4.

iv. Compute estimates of the unknown variances and the
parameter gathered in the vector

iii.

0= [91762793794] = [Q7RV>R’U.7(X]T7 (26)

by recursive computation of the following steps of the

NLS
f): [607617"'7aéN—1}T7 (27)
go(éi) 1f11i éi,1+éz.2+éi,3
- 91(6:) 1I£2FFZ 05,140,405 2
G(o;) = . =
om=1(00 R
(28)
651 =b - g(éz)y (29)
- 0G(0)
G(0,) = ——“2|, =G,
@)="2"%,
H 11 0
2 ~
llisz 0ia O 1,2 (30)
m2 N GO (19, 608
56, = (GTG;)"*GTsb; (31)
0,11 =0, +06;, 32)

where G(6;) is the Jacobian matrix of the function
G(-) evaluated at 9;, 0, is the user-defined initial
condition, and ¢ = 0,1, ...,TxNrs. The recursion ends
once the error-variable 691' is negligible [20], [21].

B. Allan and autocovariance

method

variance least-squares

In the previous section, estimation of the noise char-
acteristics of the linear dynamic systems with the time-
correlated measurement noise was discussed. In this sec-
tion, a conceptually simpler formulation is treated, namely
estimation of the measurement noise characteristics under

1819



10" |
X 003981
¥-05051
.

root Allan variance [-]

10’ —+— GM process |
—=— white noise |
—*— combined

107

i L
10° 10' 10
bin size [sec]

107

Figure 1. Root Allan variance plot of diffferent processes.

the assumption of the precise knowledge of the state. Such
a formulation is typical in the area of a sensor calibration
such as calibration of accelerometers or gyroscopes [22]—
[25].

The measurement can be, thus, modelled as

Zp =Xk + Vi, k=0,1,2,.... T, (33)

where x;, is assumed to be a deterministic and known quan-
tity and vy, is the measurement noise defined analogously
as in (3).
1) Allan variance: Allan variance (AVAR) method is
a standard tool for estimation of the parameters of the
measurement noise error model (33) which is composed by
usually two independent error contributors; one contributor
is correlated in time whereas other is white.
Computation of the AVAR from the sampled scalar
signal (33) with z;, = 0, Vk, follows these steps [26], [27]:
i. The measurement sequence (33) of length 7" is divided
into K bins of length M where K = % and 7y = %
is a time length of a bin with fs being a sampling
frequency.
ii. For each bin, the sample mean is computed as

1 M
Zk (]W) = i ZZ(kil)MJri.

i=1

(34)

iii. The root Allan variance is computed as a mean of the
difference of the means in the subsequent bins, i.e., as

K-1
o4 (tm) = 2(%71) 1; (k1 (M) — 2, (M))>.

(35)

iv. Steps i.—iii. of this algorithm are repeated for different
bin lengths 7.

The output of the AVAR method is the Allan variance
plot (in logarithmic scales) showing dependence of the
variances 0% (Tr) (35) on the bin length 7.

The AVAR method is typically used for determination
of the white and time-correlated noise properties. As

illustrated in Fig. 1, each noise type alone produce a
characteristic shape of the Allan variance plot:

o A white noise alone produces a line with negative
slope of -1/2 when using logarithmic scales on both
axes; red line with square markers in Fig. 1. The
quantitative characteristic of the white noise (its vari-
ance) can be computed using any point coordinates
corresponding to the white noise slope according to

Ry = oiyn = 04 (Ta) T fs (36)

where R, is the white noise variance, o4(7as) is
root Allan variance at a selected point, 75, is a bin
size length for the selected point, and f, is sampling
frequency.

o A time correlated noise (first order GM process in this
case) produces a hump in the Allan variance plot; blue
line with triangle markers in Fig. 1. The coordinates of
the maximum point of the hump are used to compute
the characteristics (correlation time and steady-state
variance) of the GM process as

Tmax
c = 5 37
T 189 G7
2
R, = 2 _ (UAmax) ’ 38
Ustea,dy 0.62 ( )

where 7. is the correlation time, R, is the GM process
steady-state variance, Tyax 1S the bin size length in
seconds for the maximum point of the hump, and
0 Amax 18 the root Allan variance for the maximum
point of the hump.

If only one type of the noise is present, then the
Allan variance plot has the specific curve shape and the
measurement noise characteristics can be easily computed.
When two or more noises are present simultaneously, the
shape is a combination (but not the sum) of the individual
shapes.

2) Derivation of calibration ALS method: The ALS
method derived in this paper can be easily adapted for the
noise characteristic estimation for the process defined by
(33). The method can be thus viewed as an alternative’ to
the Allan variance used for the sensor calibration.

Following derivation of the ALS method and assuming
the precise knowledge of the state x;, the measurement
prediction error is

e, =2z — 2 = Vi, (39

where 2j, = X, is the measurement prediction* (stemming
from (33)). It means that the measurement prediction error
is directly given by the measurement noise which has the
following statistics

B = Eles], (40
Co = covler] = R, + R, (41
Cj = cov[ek,,ek,j] = ajR;/~ (42)

3The name calibration ALS (cALS) method was, therefore, chosen.
4Note that if x;, = 0, then 2z, = 0 and thus, e;, = zj,, where O is a
zero vector of the appropriate dimension.
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The statistics can be estimated on the basis of the avail-
able sequence {ek}fzo according to (17)—(19), where ﬁ
represents again the unbiased estimate of (40).
Analogously to the ALS method, the estimate of the
unknown matrices R¢, Ry, and « is given by (21) with

= [(Re)yeer Ru)pee e 43)
g )— (@), 7O, ..., v (0)]7),,., @4
( . N)) N (45)

3) Algorithm of calibration ALS method (a scalar case):
The algorithm of the cALS method for measurement noise
characteristics estimation for the scalar system is given by
the following steps:

i. Compute measurement prediction error sequence
{ex}I_, according to (39).

ii. Compute sample-based estimate of the mean 3 of the

sequence according to (19).

Compute sample-based estimates of the variance Cy

and covariances C; according to (17) and (18), re-

spectively, for 7 =1,..., N —1 with N > 4.

iv. Compute estimates of the unknown variances and the
parameter gathered in the vector

iii.

0= [91702393] = [RuaRuaa}T (46)
by recursive computation of the following steps of the

NLS

B: [éOaéh"'MéNfl}Ta (47)
~0(85) ;1405 2
~ 'n(é,) éi,liéz,l
gy=| . |=| . (48)
Yv-1(8:) 65V,
§b; = b — G(6,), (49)
11 0
O;3 0 0i1
T
80 i .
e“\’ V0 (N-1)0;, 1007
(50)
60, = (GTG,;) ' GTsb; (51)
0,01 =0, + 36 (52)

The recursion ends once the error-variable 5@- is
negligible [20], [21].

C. Notes

Note 1: Number of considered equations N is a user-
defined parameter and it affects the number of ALS es-
timable parameters. However, even if a sufficient number
of equations is considered, not all unknown parameters are
generally estimable (especially those tied with the matrix
Q in (1)). It generally depends on the dimension of the
state and measurement vectors, i.e., on n, and n.. A
related discussion for linear systems with white state and
measurement noises can be found in [19].

Note 2: Heretofore, the time-correlated measurement
noise error contributor v (4) was considered in the form
of the first order GM process. Generally, a higher order
GM process can be considered as well.

Note 3: In the problem formulation, the knowledge of
the initial condition was assumed. However, because of
the stable system assumption, the state prediction error (9)
remains stable as well independently of the chosen initial
condition of the predictor.

Note 4: The proposed ALS and cALS methods are, in
fact, based on the analysis of the properties of the error
of the multistep predictor estimates. On the contrary, the
original ALS method [3] for linear systems with white
noises was based on an analysis of the one-step prediction
error which is not restricted by the assumption on the stable
system (1), (2). In principle, the proposed methods can
be also based on the one-step predictor, however, as it is
illustrated in Appendix B, the resulting relations are much
more complex which makes the application of the NLS
method more difficult in terms of its convergence.

Note 5: If certain properties of the unknown matrices are
known (for example positive-definiteness of the covariance
matrices, admitted range for the matrix «), then such
information might be used in an NLS method design phase
[31, [20], [21].

Note 6: Convergence of the minimisation technique used
in the NLS solution cannot be guaranteed even if the
(sample-based) unbiased estimate of covariance matrices
(14), (15) or (41), (42) is available. Convergence is affected
either by the particular selected minimisation technique,
by a setting of the initial values, or a structure of the
considered task [20], [21].

Note 7: If two or more different noises are affecting
the measurement equation, then the resulting AVAR shape
might be hard to analyze visually and thus to identify the
significant points needed for computation of the noise char-
acteristics. This situation usually occurs when covariance of
one noise is dominant over the others or when time constant
of different correlated noises are close to each other. Such
a issue cannot occur if the cALS is used instead of the
AVAR.

Note 8: The cALS method allows in principle estimation
of the constant bias g (3) similarly as the ALS method
does. Due to the definition of the AVAR method, it is not
possible to identify the constant bias by the method.

Note 9: Allan variance method processes a scalar signal.
Multidimensional signal can be investigated using this
method but its scalar components has to be uncorrelated
and processed individually as a scalar signals.

IV. NUMERICAL ILLUSTRATION

The proposed ALS method (and its derivative the cALS)
is illustrated in this section using two numerical simula-
tions.
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A. Dynamic system

In the first example, the linear dynamic system (1), (2)
is assumed with the following parameters

ng =1n, =1, (53)
F=-08H=1, (54)
Q=15R, =038, (55)

Re =05, =09,8=2 (56)

using M = 10* Monte-Carlo (MC) simulations with 7" =
{10%,10°} samples per one MC simulation and with N = 4
equations used in the NLS. The estimates are plotted in
Fig. 2 in the form of a histogram. It can be seen that the
estimates are unbiased and its variance is going to zero
with increasing number of samples 7.

B. Sensor calibration

The second example illustrates application of the cALS
method estimating the properties of the measurement noise
of the structure (33). In this example, the following param-
eters are considered

ng =1,n, =1, 57)
R, =1,Rs = 0.005 (58)
a=0.999,5 =0. (59)

Note that the GM process (4) with the considered pa-
rameters R¢ and « can be understood as a discrete-time
alternative to a continuous-time process [22] with time
constant 7 = 10 [sec], steady-state variance R, = 2.5, and
sample frequency of fs = 100 [H z]. The white noise power
spectral density (PSD) is, in this case, N, = R,/fs =
0.01 [(—)%/H?z].

The histograms of the estimates of R,, R,, and «
computed by M = 10* MC simulations with 7 = 10°
samples per one MC simulation and with N = 4 equations
used in the NLS are shown in Fig. 3.

For the sake of completeness, application of the AVAR
method (as a standard tool in this area) is illustrated below.

Based on the available (sampled simulated) data, the
AVAR plot is constructed using (35). The plot is shown
in Fig. 1. The significant points are located as

« white noise point coordinates (slope -1/2): o 4(7ar) =
0.5051, Tas = 0.03981 [sec],

o time-correlated noise hump maximum point coordi-
nates: o4 max(Tmax) = 0.9756, Tmax = 19.95 [sec].

White noise variance can be computed using the re-
spective point coordinates and equation (36) assuming
R, = 1.0157. Time-correlated noise characteristics can
be computed using the maximum point coordinates and
equations (38), (37) assuming 7. = 9.9950 [sec| and
R, = 2.4761. The discrete parameter « is related to the
time constant 7, by equation

=1
o = e7cfs s

(60)

Table I
EXAMPLE B: AVAR AND AVERAGED CALS ESTIMATES OF
MEASUREMENT NOISE CHARACTERISTICS.

‘ H true ‘ AVAR estimates | cALS estimates (aver.) ‘

Ry 1 1.0157 1.0000
o 0.999 0.9991 0.9990
Re 0.005 0.0047 0.0050

which results in o = 0.9991. The driving noise variance
R is related to steady-state variance R, and « as

Re =R, (1-a?) (61)

which leads to R¢ = 0.0047.

The results of the AVAR for one particular measurement
sequence realisation and the averaged results of the pro-
posed cALS method over all MC simulations (depicted in
Fig. (3)) are summarized in Table I.

V. CONCLUDING REMARKS

The paper was devoted to the estimation of the noise
characteristics of a linear system described by the state
space model. The autocovariance least-squares correlation
method, originally designed for linear systems with white
noises, was extended for linear systems with measurement
noise correlated in time. Then, the proposed method was
modified into the form suitable for sensor calibration which
is typically solved by the Allan variance method. Compared
to the Allan variance method, the proposed correlation
method was analytically derived and was shown to provide
unbiased estimates which converge to the true values with
increasing number of data. The proposed method was
thoroughly discussed, analysed, and illustrated by two ex-
amples; first, considering estimation of the noise character-
istics of the whole state space model, second, considering
estimation of the measurement noise characteristics only.

Acknowledgement: This work was supported by the
ALFA Program of the Technology Agency of the Czech
Republic, project No. TA03030674 (RESPOL).

VI. APPENDIX A: AUTOCOVARIANCE LEAST-SQUARES
METHOD FOR WHITE STATE AND MEASUREMENT
NOISES - BRIEF REVIEW

The correlation methods have received quite consider-
able attention in the past as they provide unbiased estimates
with acceptable computational requirements even for high-
dimensional systems. The methods are based on an analysis
of the innovation sequence of “non-optimal” linear estima-
tors. The methods have been pioneered in [1], [2] and then
further developed in [3]-[5], [19].

The ALS method for the system description (1), (2) with
white state and measurement noises (i.e., with a = 0, 3 =
0) is based on the analysis of the output of a “non-optimal”

linear predictor (either one-step or multistep)
)A(k_;,_l = F()A(k =+ Kek), (62)

Z = Hxy, (63)

1822



T=10" T=10*

T=10 T=10* T=10*

number of occurrences
number of occurrences
number of occurrences

13 14 15 16 17 1
Q

number of occurrences
number of occurrences

T=10° T=10° T=10° T=10°
300 400 350 350
o 250 o 30 ? o 300 o 300
Q Q @ @ @
8 S 300 o 2 250 2 250
9 200 o 14 e e
E £ 250 E £ E
3 3 3 3 200 3 200
S 150 3 200 8 8 8
5 5 s 5 150 5 150
° 2 150 ° ° °
g1 2 2 100 £ 100 2 100
£ £ 100 € £ €
2 50 2 2 2 2
= 50 50 50 50
0 0 0 0
1.2 14 16 1.8 22 24 26 28 3 04 06 08 1 12 0.85 09 095 18 2 22

Q R

R o B

Figure 2. Example A: ALS estimates of state and measurement noise characteristics in form of histograms (true values denoted by red star).
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Figure 3. Example B: cALS estimates of measurement noise characteristics in form of histograms (true values denoted by red star).

with the state and measurement prediction errors given by

(64)
(65)

Ekt1 = FEk + Gwy,
e, = Hep + vy.
where K is a (user-defined) predictor gain®’, F = (F —
FKH), G = [Gy,Go] = [I,,, ~FK], w, = [w],v]]".
and O is a zero matrix or vector of appropriate dimension.
The (cross-)covariance matrices of the measurement pre-
diction error are
C.o = Elexel] = HP.H” + R, (66)
C.,; = Eleref_,] = HF'P.H" — HFV"'FKR, (67)
where P, is a solution to the Lyapunov equation

P.=FP.F' +G[§ ]G, (68)

can be written in a form for the least-squares method as

A0 =b with 8 = [QT, ., RT |7, b= (Ce(N)) pees and
A=[D,D(FK®FK) + (I, ®T)], (69)
D=H®O0)I:-FaF)™" (70)
O =[H",(HF)T,. .., (HFY )17, (71)
=1, ,-(HFK),. ..  —HFY2FK)T|T. (72)

SIf the gain is zero, the predictor provides multistep prediction. Other-
wise, the one-step prediction is outputted.

The estimate of the vector of parameters @ (composed by
the elements of the unknown noise covariance matrices Q
and R) in the least-squares sense is given by [3], [19]

6= (ATA)'ATH = A'D, (73)

where the sample-based estimate of the vector b is com-
puted according to (24).

VII. APPENDIX B: ALS AND CALS METHODS BASED
ON ONE-STEP PREDICTOR

Heretofore, the proposed ALS method for linear systems
with time-correlated measurement noise was based on the
multistep predictor (7), (8). The method can be, however,
extended for a more general one-step predictor (62), (63).

Considering the system description (1), (2) with time-
correlated measurement noise, the one-step predictor (62),
(63), and the associated prediction error model of the form
given by (64), (65), the (cross-)covariance matrices of the
measurement prediction error can be derived® as

Ceo = Eleyel] = E[(Hey + vi + ui)()"]
=HP.HT + HP,, + P,.HT + R, + R,, (74)

®The constant vector 3 affecting the mean of a prediction error is
not considered here for the sake of brevity. It is estimation is, however,
analogous to the multistep predictor case.
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C.,; = E[ekeﬁj]

= E[(Hey, + vy +ug)(Hep—j + vi—j + up—;)7]

J
- E[(HFjEk_l +3 HF( Dw,_,
i=1

J
+ Z HFYGy(vy—y + i) +vp + uk)
i=1
T
X (HEk_j +vp—j+ uk_]) ]
= HFP.H” + HF'P,, + CFU-YUG,R,,

J
+ Z HF VG 9P, .H! + o'P,.H”
i=1

J
+Y HF"UGyaV R, + a'R,, (75)

=1
where P is a solution to the Lyapunov equation
P. =FP.FT + FTP.,GI + G,P,.FT + GoRG, + Q
(76)

with the cross-covariance matrices P, and P,. computed
from

PE’U
Py

FP.,a” + GoRa”,
aP,.FT + aRGg.

a7
(78)

Equations (74), (75) are then used in construction of the
equations for the NLS (21)—(25) analogously to the usage
of (14), (15).

It can be seen that the (cross-)covariance matrices of
the measurement prediction error sequence are much more
complex with respect to those based just on the multistep
predictor. The reason can be found in the dependence of
the state prediction error €51 and the measurement noise
V}, 1.e., in the non-zero matrices P.,, P,., and Go.

The more complex relations usually require more careful
set-up of the minimisation technique used for the NLS
(21). On the other hand, considering the one step predictor,
the assumption on the stable matrix F' might be omitted.
Rather, the stability of the state prediction error transition
matrix F, as a function of the (user-defined) predictor gain
K, needs to be assumed instead. Then, the solution to the
Lyapunov equation (76) for P, exists [28].
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