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Abstract—The multiple-model multi-Bernoulli (MM-MB) filter
is a new attractive approach for estimating multiple maneuvering
targets in the presence of clutter, missed detection and data
association uncertainty. In this paper, we extend the Gaussian
Mixture (GM) MM-MB filter to nonlinear models by using
unscented transform techniques. Moreover, in order to improve
the robustness and numerical stability of the unscented Kalman
(UK) GM-MM-MB filtering algorithm, we propose the square-
root UK (SUK) GM implementation of the MM-MB filter for
nonlinear models. A numerical example is presented to verify
the effectiveness of the UK-GM-MM-MB and SUK-GM-MM-
MB filtering approaches. Simulation results also show that the
SUK-GM-MM-MB filtering approach produces the same filtering
accuracy as the UK-GM-MM-MB filtering approach.

I. INTRODUCTION

Random finite set (RFS) based multi-target tracking ap-
proaches have attracted more attention in recent years. The
RFS-based approach treats the multi-target states and measure-
ments as RFSs, and jointly estimates the number of targets
and their states from the measurements. With RFS models,
Mahler has proposed the optimal multi-target Bayes filter that
propagates the posterior multi-target density recursively in
time [1],[2]. However, since the optimal multi-target Bayes
filter is generally intractable, some approximated approaches
have been proposed, such as the probability hypothesis density
(PHD) based on the first order moment approximation of
multi-target density [1], the cardinalized PHD (CPHD) filter
based on the moment and cardinality approximations [3],
and multi-target multi-Bernoulli (MeMBer) filter based on
density approximations [2]. Since the Mahler’s MeMBer filter
overestimates the number of target, Vo improved the MeMBer
filter and proposed a new version of the MeMBer filter called
the cardinality balanced (CB) MeMBer (CBMeMBer) filter
which has an unbiased estimation in the number of targets
[4]. The PHD, CPHD, and CBMeMBer filters have been
implemented by using Gaussian mixture (GM) and sequential
Monte Carlo (SMC) techniques [4],[5],[61,[7],[8]. In the SMC
implementation, the CBMeMBer filter has a reliable and
inexpensive extraction of target states, since it does not need
an extra clustering algorithm for extracting target states [5].
In the GM implementation, the CBMeMBer filter shows the
similar filtering performance to the PHD filter, and has a
lower computation complexity than the CPHD filter [4]. The

CBMeMber filter will be treated as the multi-Bernoulli (MB)
filter throughout this paper.

For maneuvering target tracking, the multiple-model (MM)
(or jump Markov system model) approach has proven to be an
effective method [9]. By integrating the MB filter with MM
approach, the MM-MB filter for maneuvering targets has been
proposed in [10],[11]. The GM implementation of MM-MB
filter for linear Gaussian models and the SMC implementation
of MM-MB filter for nonlinear models were also proposed in
[10],[11]. In target tracking, nonlinear models are commonly
used, such as radar and sonar measurements are nonlinear
[12]. Although the SMC-MM-MB filter can handle nonlinear
models, it still has some disadvantages. Firstly, similar to the
MM particle filter [13], the number of particles is proportional
to the model probability, if the model probability is very
low, only a small number of particles persists in the model.
This may cause filtering divergence. Secondly, although the
resampling step can reduce the degeneracy problem, it also
causes the loss of diversity among the particles, as the particles
after resampling step contain many repeated points. This
phenomenon will be severe if the process noise is small.
One solution to these problems is to increase the number of
particles. However, a large number of particles means a large
amount of calculation.

The GM-MM-MB filter has a close-form solution under
assumptions of linear Gaussian models. However, the GM-
MM-MB filter does not directly accommodate to nonlinear
models. In addition, at present there is no closed form solution
to GM-MM-MB filter for nonlinear models. Therefore, in this
paper we extend the GM-MM-MB filter to nonlinear models
by using unscented transforms [14]. Moreover, in order to im-
prove the robustness and numerical stability of the unscented
Kalman (UK) GM-MM-MB filter for nonlinear models, we
propose the square-root UK (SUK) GM implementation of the
MM-MB filter for nonlinear models. A numerical example is
also presented to compare the UK-GM-MM-MB and SUK-
GM-MM-MB filtering approach with the existing SMC-MM-
MB filtering approach.

The rest of this paper is organized as follows. Section II
provides the background on the MM-MB filter. The detailed
description of the UK-GM-MM-MB and SUK-GM-MM-MB
filtering approaches for nonlinear models are provided in
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Section III. A numerical example is presented in Section IV.
Finally, the conclusion is drawn in Section V.

II. THE MM-MB FILTER

The MM-MB filter has been proposed in [10],[11]. There
is a little difference between [10] and [11]. In paper [11], the
authors added an mixing stage before the predicted step. In
this section we omit the mixing stage and adopt the MM-MB
filter proposed by [10]. Here, we summarize the MM-MB filter
as follows.

Prediction: If at time k— 1, the posterior multi-target density

{(7“;C 17Pk 1($k 1sSk— 1))}Mkfl (D

is given, where r,(f)l denotes the existence probability of

the ith hypothesized track, pi 1(+) denotes the probability

density of the 7th hypothesized track, My_; is the number of
hypothesized tracks, s;_; is the model variable at time k — 1,
then the predicted multi-target density is described by

7 i My, _
Thth1 =L 1 Pl (@ 51)) Hiti U

()
{0 D& (@, s1)) 1

where,

rﬁiﬁ)m,l 7“;(; 1<p;(c)1(96k 1, Sk—1),P8,k(Th—1,5k-1)) (3)
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pgﬁ?k,“c,l (Tr, 56) =
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(-, ) is the inner product defined between two real-valued func-
tions v and 3 by (e, 8) = [a(x)B(z)dz (or Y .2, a(i)B(i),
when o and 3 are sequences), fyjx—1(-|Tx—1,5%) denotes
a single target transition density conditioned on model sy,
tijk—1(:|-) is the motion transition probability, ps,x(x#, sx) is
the existence probability of a target given state x;, conditioned
on model s, and {(r(rl)k,pif)k(mk, sk))}f\fl’“ are the parame-
ters of birth targets at time k.
Update: If at time k, the predicted multi-target density is

i i My —
Tapho1 = {1 Py (@re i) s (9)

then the posterior multi-target density is approximated by
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"Lk T THETT @ () 7)
1= Thllo— 1<pk|k71(xk7Sk)7pD,k($k7Sk)>
L — pp k(k, sk) 8)

(1)
Prk—1 (ks 5k) i
| - <p§€‘)k_1(1’k»5k),pD,k(xka5k)>

ruk(zK) =
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where Zj, is the measurement set at time k, gi (-|zk, si) is the
single measurement likelihood given state xz;, conditioned on
model sy at time k, pp x(zk, si) is the detection probability
conditioned on model s; at time k, and x(-) is the clutter
intensity at time k.

From the recursive equations of the MM-MB filter, we can
see that the MM-MB filter is similar to the MB filter. The
key idea of the MM-MB filter is that the model variable is
augmented for the recursions of the MB filter.

III. THE GM-MM-MB FILTER FOR NONLINEAR MODELS

Although the GM-MM-MB filter has a closed form solution
for linear Gaussian models, it does not accommodate to
nonlinear models. In single target tracking, the UK filter is
an attractive approach for nonlinear filtering [14]. Hence, in
this section we propose the GM-MM-MB filter for nonlinear
models by using unscented transform techniques.

A. The UK-GM-MM-MB Filtering Approach

Suppose the motion and measurement model of each target
for a given model are nonlinear, which are described by

12)
13)

zr = fr(xr—1,58) + wp—1(sk)
2y = hi(2k, sk) + ve(sk)

where fj(-) and hy(-) are the known nonlinear functions,
wi—1(sk) and vg(sg) are independent zero mean Gaussian
process noise and measurement noise with known covariances
Qr—1(sk) and Ry(sy), respectively. The survival probability
and detection probability are assumed to be state independent,
ie. psk(Te—1,5k-1) = Ps,k(Sk—1) PD,k(Tk, Sk) = PD k(5K)-
Based on the unscented transform techniques and the GM-
MM-MB filter, the UK-GM-MM-MB filtering approach can
be obtained.

Prediction: If at time k— 1, the posterior multi-target density
is given by (1), and each probability density pfﬁl (Th—1,Sk—1)
is the form of GM, i.e.

p;(g)l(xk 1,8k-1) =

7(1)1(51@ 1)

>

=1

W) (sk-1)N (w1 mi ) (se-1), P (s1-1))

(14)
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then the predicted multi-target density (2) can be computed as
follows:

J;E')l(sk 1)

§3k|k 1 _Tk 1 Z Z w,(c ]f(sk—l)PS,k(Sk—l),
Sk
1 (1)
I (sk_r)
Pga)k‘k 1 (@, s8) Z Z wgi‘)k 1 (8ks Sk—1) %
Sk—1

N(z; mﬁgﬁk_l(sk, Sk—1), Pﬁf}ffk_l(s;c, Sk—1))
(16)
where
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ZSK 12 k 1(Sk 1) ](C’L 7)(5k 1)p5k:(5k 1)
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ZWC( () (s ) = K50 (s s0-1)) %
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(23)
A 1
Wa = 5 ’... s 24
N 20N 2y | Y
2n
A 1 1
= |l =t (1-a
2n
(25)

n is the dimension of the state mgc Jl)(sk 1), A, a, and 3 are

the scaling parameters [15], and [-]; denotes the [th column of
the matrix. {(rF k,pfﬂ)k(mk, sk))}f\flk
targets, and p%ﬁ)k(xk, sp) is given by

(@)

are parameters of birth

Pr, k(xk’sk)
T (k)
0 s0) Y wlD ()N (s mi) (sk), PED (1))
j=1

(26)

m) (se-1) + 7 [BY) (s6-1)],

t{f)k() is the probability distribution of the models for given
birth targets, and wl(f,z)(), ml(f ,i)
rameters.

Update: If at time k, the predicted multi-target density (5) is
given and each probability pl(cl|)k-71 (zk, k) is the form of GM,
ie.

), Plglk])() are given pa-

pi?k 1($Uk, k) =

Jlialen (i.0) (0.0 (i.0) @7
Z wkz\]i 1(5/6)/\/('1:/@: mk\’k 1(516) Pkr;j_l(sk))y
j=1

then the updated density (6) can be computed as follows:
The legacy track components are

@0 _ .0 L- o)
Lk =T T @ (28)
L=rp_10rk
p(L)k(l'/ﬁSk)
Picalon) (4.9) (4,9) (4.9) @)
D wid (N (arsmygl (sk), Pyl (i)
Jj=1
where
J(|k 1(~Sk)
DY Z Wi (spoalse)  GO)
Sk
(4,5)
wkk 1(36)(1 = pp,k(sk))
wiD (si) = — o) 31)
1—op
The measurement-updated track components are
M1 Tshe =i Vel ()
Zizkl\k 1 "k|k (11 T}(CL):“CI;(LL):;:
ruk(zk) = - ‘7 = (32)
wk(zr) + 20,00 _m <71>QU kgmk
Tklk—19L K
My k- 1‘]1(:\k 1(s%)
(63) (¢ .
Puk(Th; 513 21e) = Z Z g (k2% 53
N(ﬂfk,mgj ]jg)(skazk) PED sk 21))
where
Jl(f\;» 1(sk)
o () =D Z wiil (5o, k(sk)ay ™ (sk; 2)
s
k (34

Wi (1) =[G () migd (se) + 7 [BEE (1),

mgclli)l(sk) [Bl(qkj)l( )MJZL--qn

(35
P (s1) = BUT (s)(BUY (se)T (36)
zz(kfl)c 1(8K) = T (Xl(lkj\lc 1(sk),51),0=0,1,---,2n (37)
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2n
N (51) = D WDz () (38)
=0
dy. (Skyzk) (Zk777U7k\k_1(3k)7 U,k (Sk)) 39)
Sy (sk) =D WD mirt_y (sx) = 2500 (s1) %
s (40)
(0irihems (1) = 20500 (si) ™ + Ric(s)
. = 27L .. ..
Gl (si) = YWD miG = iy (1)) x
prs 41)
iyt (38) = 2050 (s)”
.. .. .. —1
K (1) = GGl (sn) [ S (1) “2)
ik (i.4) (i.9)
- AT (0)ak™ (w20 )pos(ow)
7, clk—1
wU,I]c (sk32K) = o o) @
Ik|k—1 ok — 3
>t 1_:‘<5) — oy, (21)
k|k—1
3 3 3 @3
m&i)(sk; 2) = mill,jll(sk) + Ké}lz)(sk)(zk - 77[(117711\)k71(3k))
44)
P (k5 2) =
U,k ( ) (45)

PP (sk) = K7 (s1) ST (s0) (K (51))

Multi-target state extraction: extract multi-target states is the
same as that of the GM-MM-MB filter, for more details see
[10].

B. The SUK-GM-MM-MB Filtering Approach

From the UK-GM-MM-MB filter recursions, we can see that
while designing the sigma points for each hypothesized track,
we should compute the square-root of state covariance ma-
trices. Hence the state covariance matrices should be positive
definite. However, due to the error caused by the arithmetic
operation performed on digital computers, the state covariance
matrixes may not be positive definite. This phenomenon may
cause numerical problems. To improve the robustness and
numerical stability, inspired by [16] we propose the SUK-GM
implementation of the MM-MB filter for nonlinear models.
While propagating the MB parameters, the SUK-GM-MM-MB
filtering approach directly propagates square-root of the state
covariances. So this can avoid the square-rooting operations.
The SUK-GM-MM-MB filtering approach is given as follows.

Prediction: If at time k—1, the posterior multi-target density
is given by (1), and each probability density pgll (Th—1, Sk—1)
is described by

Jl(cl,)l(sk—l)

P (2o, s0e1) = > W) (s )N (w1
j=1
m) (sk-1), O3 (s5-1)(CL7) (31-1))T)

(46)

then the predicted multi-target density (2) can be computed as

follows: compute rgﬁ)kl w_1 according to (15)

J;(:,)l(sk—l)

j=1
N (g mgﬁifk_l(sk, Sk—1);

Cz(ai;zz‘)kﬂ (Sks Skfl)(cz(j,’lg\)kfl (s, Skil()i:))

X (sk) = [m/gjl)(sk—l) mi) (sk1) + 7 [ (k1)

mgfl)(sk_l) - W[C,Eijl) (sk_l)] 1}71 =1,---,n

| - (48)
Xl(;fk)fl(sk’sk_l)’ mg,’ifkil(sk,sk_l), and
ng;,gfk,l(sk,sk,g according to (18), (20), (21) and (22),
respectively.

Wil (510 8km1) X

Pg,)k‘k_l(ﬂﬂk, sk) = Z

Sk—1

compute 7,

Xg‘(]zf)l(ska Sk_1) =

|:\/ W(’(O) (Xo(j’];]‘lfl(ska sk*l) - mg:i‘)kfl(sk‘a sk*l))?
W) (X5 sk s-1) = miEl) (5w si-)),

<,V We(2n) (XQ(Z;7Z“€71 (Sky Sk—1) — mg:Z\)k—l (s, Sk—l))}

(49)

Ol (i sim1) = Tria([A07) sk 51, Caunmr (s1-1)))
(50)

Qr—1(s5-1) = Cqr—1(s6-1)(Cqr—1(sk-1))" (51)

”Tria” denotes a general triangularization algorithm. For
example, S = Tria(A), where S is the lower triangular
matrix. Let R be an upper triangular matrix obtained from
QR decomposition on AT, then S = RT [17].

Update: If at time k, the predicted multi-target density (5)
is given, and each probability pi(;|)k— 1 (2, si) is described by

)
P @ies) = > wd (sN (@ mil | (i),
j=1

il () (O (1)),
(52)
then the updated density (6) can be computed as follows:
The legacy track components: compute g(lf)k and r(Lz)k ac-
cording to (30) and (28), respectively.

J,(cl‘zc_l(sk)
p(LZ,)k(JUk, Sk) = wgi)(Sk)N(J?h mill,gll(sk), 53)
=1

Chi (s (i)™

The measurement-updated track components: compute
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ruk(zk) according to (32)

(2)
My |g—1 Jk\k-—l(sk)

puk(@e skize) = Y Y
i=1 =1

N (@i miyd (sk 2), O (x5 21) (CFR (515 20)) ™)

where
(4,9) I NN (4.9) C(’b}j)
Xifi—1(8%) = My (81) iy (si) +v[CricZy (i)l
mi9) (si-1) = 2CK (3] 1= 1,0+ o

. - . (55)
gg)k(zk) Zl(.,ZI;JU)c—l(Sk) and 77&%‘),6_1(%) are computed accord-
ing to (34),(37) and (38), respectively.

(4,9)

W' (sk; 21) ¥

(54)

200 (o) = [VIEO) (255 (50) = nif it (1)),

WD) (241 (51 = e (5)),
W) () () n%}‘,i)k_l(sw)J

(56
X (50 = [VIVEO) (2 (50) = m (s),

VW) (X (1) = migi (s),

SV We(2n) (X;Z{Ii\kfl(sk) - mg’;f)l(Sk))L
(57

Cl i (s) = Tria([Z50)  (s1), Cra(si)])  (58)
Ry (sk) = Cr(sk)(Cr(sk))” (59)

i) (g ) = Z (i) Z(0:d) T 60

v (k) U,k|k71(3k)( U,k|k71(3k)) (60)
Gut (1) = X1 () (Z53 1 ()T (6D

Kp (si) = (G (51 (Co i (50))T)/ Cozotiima (51)
. - - (62)
q,(;’J)(sk;zk), wgﬁ’i) (Sk; 2k)s m&’i) (sk; 2zx) are computed ac-
cording to (39), (43), and (44), respectively.
Cu) (swi 2i) = Tria([S5)_ (sx) = K7 (si) %
Zih o (30), K5 (sk)Crop (1))
(63)
From the above recursions we can see that, the SUK-GM-
MM-MB filtering approach directly propagates the square-root
of state covariances. So square-rooting operations are avoided.
This improves the robustness and numerical stability of the
UK-GM-MM-MB filtering approach.

IV. SIMULATION RESULTS
A. Simulation Scenario

Consider the noisy bearings and range measurements with
varying number of targets observed in clutter and missed
detection environments. The surveillance region size is [0, 7]
rad x [0,2000] m. A maximum of 10 maneuvering targets
appears in the scenario, and targets appear and terminate at a

Radius (m)

Angle (deg) 90 2000

120

Fig. 1. True target tracks in 76 plane (the start/end positions for each track
are denoted by o/A, and the sensor is denoted by [J).

random time. The true target tracks are shown in Fig. 2. The
kinematic state of the target x = [pm,kmz,k,py_,k,py,k,wk]T
consists of the position (pg.x, py,k), velocity (Pz x,Py,k), and
turn rate wy. For the coordinated turn (CT) model, if the turn
rate is not a constant, the CT model becomes a nonlinear one.

The CT model is described by [18]
(64)

v = Fwr—1)Tp—1 +wp—1,

The process noise wg_1 ~ N(+;0,Qk—1), and the matrices
F(wk—1) and Qi1 are given as follows

1 sinwg_1T 0 _ l-coswp_1T 0
Wk —1 Wr—1
0 coswk,lT 0 —Sinwk,lT 0
F(Wk—l): 0 l—coswg_1T 1 sinwg_1T ol,
We—1 We—1
0 sinwg_1T 0 coswi_11" 0
0 0 0 0 1
(65)
TG Sdw 00 0
2 -
LGy Tauw 0 0 0
Qr-1=1 0 0 G T O (66)
0 0 LG TG O
0 0 0 0 Tq.

where ¢, and ¢, are related to the process noise intensities.
T =1 s is the sampling period.

Two motion models are used: Model 1 is a CT model with
a known turn rate of 0 rad/s. Model 2 is a CT model with
an unknown turn rate. The standard deviations of the process
are G, = 0.25 m?/s® and G, = 0.04 rad?/s® for motion 1 and
model 2. The transition probability matrix is set to

0.6 0.4}

k-1 (Sk|SK—1) = [0'4 0.6 (67)

The measurement is the noisy bearing and range model [6],
which is described by

arctan (Pz,k —DPSe,x )
Py, k —PSe,y

ZE =
|:\/(pz,k - pSe,z)2 + (py,k - pSe.,y)2

+ v,  (68)
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where (pse,z, Pse,y) = (0,0) m is the position of the sensor,
The measurement noise v follows a zero mean Gaussian
distribution with the known covariance R, = diag{cy, 0, }2,
where 09 = 1 x (7/180) rad and o, = 5 m are the standard
deviation of measurements for bearing and range portions,
respectively.

The birth process is modeled as
which is given by 7r, =

_an MB-RFS [4],
(s P, si) Yy
= 002, 7 = ) = 003, and

@)
) Ik ik ik
p?ﬁ)k(:ck,sk) = tlf?k(sk)./\/(xk;m{fﬁ)k(skLPlEfL(sk)), where

where rl(};c =

t (sk) = [0.5,0.5], mi)(sk) = [~1200,0,400,0,0]7,
m(sk) = [-200,0,1050,0,0]", m)(s) =

[300,0,800,0,0]7, my)(sx) = [800,0,1600,0,0]”, and
P\ (si) = diag{30,30,30,30,3 x (r/180)}2.

The survival probability is psr = 0.99. The detection
probability is pp,r = 0.98. Clutter is modeled as a Poisson
RFS with intensity [6]

ki = AVu(zg), (69)

where \. is the average clutter intensity, V' is the volume of
the surveillance region, and u(-) is the uniform density over
the surveillance region. The clutter density is set to A, =
1.6 x 1073(rad m)71 (an average of 10 clutter measurements
per scan).

In the implementation of SUK-GM-MM-MB and UK-GM-
MM-MB filters for nonlinear models, pruning and merging
strategies are used to limit the number of hypothesized tracks
and GM components [4],[6], each hypothesized track is pruned
with a threshold of 107, and the maximum of hypothesized
tracks is 100. The pruning and merging threshold for GM
components are 1075 and 4, respectively. The maximum
number of Gaussian components for each hypothesized track
is 100. The scaling parameters for unscented transform are set
toa=1,8=0,and A\ = 2.

In this numerical example, we compare the UK-GM-MM-
MB and SUK-GM-MM-MB filtering approaches with the
existing SMC-MM-MB filter for nonlinear models. In the
implementation of the SMC-MM-MB filters, pruning of hy-
pothesized tracks is performed with a threshold of 10™4, too.
To compare the filtering performance of the SMC-MM-MB
filtering approach under different number of particles, two
kinds of particles are used. SMC-MM-MBI1: a maximum of
Lmax = 10000 and a minimum of Lp;, = 3000 particles
is imposed for each hypothesized track; SMC-MM-MB2: a
maximum of Ly.,x = 5000 and a minimum of L;, = 1000
particles is imposed for each hypothesized track.

B. Metrics for Multi-Target Filtering

The optimal sub-pattern assignment (OSPA) metric [19] is
considered for evaluating the filtering performance, since it
can jointly capture difference in cardinality and individual
elements between two finite sets. For two arbitrary finite sets
X ={x1,---,zm}and Y = {y1, -+ ,yn}, the OSPA metric
is defined as follows.

True tracks x  Measurements ¢ Estimates
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Fig. 2. True tracks, measurements, and estimates in xy positions versus time
for the SUK-GM-MM-MB filtering approach.
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Fig. 3. Cardinality statistics versus time for (a) SUK-GM-MM-MB (b) UK-
GM-MM-MB (c) SMC-MM-MBI1 (d) SMC-MM-MB2.

d9(X,Y) =
1
(& (minnem, X7 dO (@i, yn, )P+ (n—m)) )",
m<n
di (Y, X), m>n
0, m=n=~0
(70)
where d) (z,y) := min (c, |z — yl|), ||-|| is the Euclidean nor-
m, and II,, denotes the set of permutations on {1,2,---,n}.

The OSPA metric can be decomposed into two components
each separately accounting for localization and cardinality
errors [19]. For p < oo, the localization and cardinality errors

1267



200 : : :
SUK-GM-MM-MB
180[| — « — UK-GM-MM-MB | 38fi/T " 14
- — — SMC-MM-MB1 ! I
16071 ... SMC-MM-MB2 1 M1
140
E
2 120
g
o]
3 100
©
a
[
o
60
40
20
0
10 20 30 40 50 60 70 80 90 100
Time (s)
Fig. 4. The OSPA distance.
40
E
5 30F E
®©
c
S
3
N
]
Q
o
|
0 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
10 20 30 40 50 60 70 80 90 100
Time (s)
SUK-GM-MM-MB|
10 - =~ — UK-GM-MM-MB
E 100t ) - — — SMC-MM-MB1
S sof oo SMC-MM-MB2
(0]
Zz 60
£ 40
=
8 20

o

Fig. 5.

Location and cardinality errors.

are given respectively by

()

ep,lOC(X, Y):=
1
(% (minwen” Yty d© (xi»ym))p)) omsn O
é;fl)oc(Y, X), m>n
© (7‘3‘7(”’"‘))’% m<n
ép,card(X7 Y)= n ’ - (72)

&) aV. X), m>n

The order parameter p determines the sensitivity to outliers,
and the cut-off parameter ¢ determines the relative weighting
of the penalties assigned to cardinality and localization errors,
for more details see [19]. In this paper, the parameters are set
to p =2 and ¢ = 200.

TABLE I
COMPARISON OF THE FILTERING ACCURACY

. Time avg. Time avg. Time avg.
Algorithm OSPA (rﬁ) loc. error %m) card. errorg(m)
SUK-GM-MB 32.7526 14.9246 20.8781
UK-GM-MB 32.7526 14.9246 20.8781
SMC-MBI1 35.3897 15.8299 22.8230
SMC-MB2 46.1154 18.6798 32.4827

C. Monte Carlo Runs

To compare the filtering performance of these approaches
for nonlinear models, 200 Monte Carlo (MC) runs are per-
formed. In each MC simulation, the target trajectories are the
same, but measurements are independently generated. Fig. 2
plots true tracks, measurements, and estimates in zy positions
versus time for the SUK-GM-MM-MB filtering approach. It is
shown that the SUK-GM-MM-MB is able to estimate multi-
ple maneuvering targets’ states. Fig. 3 plots the cardinality
statistics. It is shown that the averages of the cardinality
statistics of the SUK-GM-MM-MB, UK-GM-MM-MB and
SMC-MM-MBI1 converges to the true value, and the SMC-
MM-MB?2 deviates from the true value. The OSPA distance is
plotted in Fig. 4. As shown in Fig. 4, the curves of the SUK-
GM-MM-MB and UK-GM-MM-MB are indistinguishable, the
filtering accuracy of SUK-GM-MM-MB and UK-GM-MM-
MB is slightly better than that of SMC-MM-MBI, and the
filtering accuracy of the SMC-MM-MB?2 is the worst. The
localization and cardinality errors are plotted in Fig. 5. From
Fig. 5, the SUK-GM-MM-MB, UK-GM-MM-MB, and SMC-
MM-MBI1 show almost the same filtering performance in both
localization and cardinality errors, and the filtering accuracy
of the SMC-MM-MB?2 is the worst in both localization and
cardinality errors.

Table I gives the comparison of the filtering accuracy for
these approaches. From Table I we can see that the SUK-GM-
MM-MB shows exactly the same filtering accuracy as the UK-
GM-MB in the time-averaged OSPA distance, localization and
cardinality errors. The filtering accuracy of the SMC-MM-MB
depends on the number of particles. The filtering accuracy is
reduced when the number of particles is not enough. With the
increasement of the number of particles, the filtering accuracy
is improved. However, a large number of particles means
a large amount of calculation. This will limit the realtime
performance of the filtering approach. Overall, the SUK-
GM-MM-MB and UK-GM-MM-MB filtering approaches are
attractive approaches for nonlinear models.

Remark: For highly nonlinear models, the SMC-MM-MB
filter is an attractive approach. For example, in track-before-
detect (TBD) tracking, the measurement modes are highly
nonlinear, the SMC implementation is a good choice. Note
that the MCMC move step [20] can be applied to the SMC-
MM-MB filter to increase the particle diversity. In addition,
to reduce the number of particles, non-point particles, such as
box particles [21] can also be considered for the SMC-MM-
MB filter. However, these may be outside the scope of this

paper.
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V. CONCLUSION

In this paper, we propose the UK-GM implementation of
the MM-MB filter for nonlinear models. In order to improve
the robustness and numerical stability of the UK-GM-MM-MB
filtering approach, the SUK-GM implementation of the MM-
MB filter is presented. Simulation results demonstrate that the
proposed approaches are able to estimate multiple maneuver-
ing targets for nonlinear models, and SUK-GM-MM-MB and
UK-GM-MM-MB produce the identical estimates. Recently,
the labeled random finite set approaches [22],[23],[24] have
been proposed to improve the estimating accuracy, which can
also estimate targets’ tracks. Extension of labeled random
finite set approaches to MM will be considered in future work.
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