978-0-9964527-1-7©2015 ISIF

18th International Conference on Information Fusion
Washington, DC - July 6-9, 2015

Terminative Joint Sequential Object Detection and
Tracking Based on Fused Test Statistics

Mengqi Ren and Ruixin Niu
Department of Electrical and Computer Engineering
Virginia Commonwealth University
Richmond, Virginia 23284, U.S.A.

Email: {renm, rniu} @vcu.edu

Abstract—Joint object detection and tracking is a powerful
approach to significantly improve the detection of extremely weak
targets or phenomena in surveillance systems. Since the Kalman
filter is an optimal estimator for object tracking problems under
certain conditions and the Wald’s sequential probability ratio
test (SPRT) requires fewer samples in average than the fixed-
sample-size procedure when solving object detection problems, it
is beneficial to apply the Kalman filter and the Wald’s SPRT to
design joint object detection and tracking algorithm. However, the
Wald’s SPRT cannot be rigorously proved to eventually terminate
if the observations are dependent. In this paper, a terminative
joint sequential detection and tracking approach is proposed by
fusing two test statistics: one is derived in our previous work,
and the other is based on independent observations obtained
by linearly combining a group of adjacent measurements. The
proposed approach takes advantage of both statistics in that
it is guaranteed to terminate and it requires on the average
a small number of measurements. Numerical results show that
the average sample number required by the proposed approach
is very small under low signal-to-noise ratio conditions and
the actual probabilities of errors are smaller than the nominal
probabilities of errors.

I. INTRODUCTION

For most surveillance systems, object detection and track-
ing are two important problems that need to be solved. The
goal of object detection is to determine the presence or absence
of a target under uncertainty. In detection algorithms, the
presence and absence of targets are usually represented by
two hypotheses respectively, under which the knowledge of
distributions of measurements are required. Object tracking
is to estimate the states of moving targets, which typically
consist of their positions and velocities over time. The tracking
algorithms usually assume the presence of the target(s). Based
on the assumptions of the detection and tracking algorithms,
the object detection and tracking are typically implemented
separately and object tracking is performed after the target is
detected. This two-stage approach works well when the target
has a relatively high signal-to-noise ratio (SNR), and it can be
reliably detected. But this approach may not detect the weak
target reliably with acceptable detection performance using
a single sample. This motivates the research on joint object
detection and tracking, which has the potential to significantly
improve the detection of extremely weak targets or phenomena,
such as a weak target that is far away from the radar or the
chemical/biological plumes with very low concentration.

There are only a very limited number of publications on
joint detection and tracking. One joint detection and tracking
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approach is along-track integration. The multiple multistage
hypothesis test tracking algorithm [1] detects targets by eval-
uating candidate track hypotheses by using the test statistic in
the multistage hypothesis testing algorithm [2]. The premise of
along-track integration is that the possible target trajectories are
known. Another joint detection and tracking approach is track-
before-detect [3], [4], which utilizes a dynamic programming
algorithm to evaluate possible target trajectories. Note that
these methods work only in discrete state space. In [5], joint
detection and tracking of a target was solved by the Bernoulli
filter, which models the presence and the state of target as a
random set: the posterior probability density function (PDF)
of the set’s cardinality corresponds to the target’s presence,
and the posterior PDF of the element in the set corresponds to
the target’s state given the target’s presence. The two posterior
PDFs of the random set are updated recursively in a Bayesian
framework.

Different from all the joint detection and tracking ap-
proaches discussed above, a joint object detection and tracking
approach based on the likelihood ratio test (LRT) and the
extended Kalman filter (EKF) has been proposed in our
previous work [6], which works in continuous state space.
However, this approach is a fixed-sample-size (FSS) procedure,
where the number of samples has been pre-specified. It is
well known that sequential detection on the average requires
a smaller number of observations than a detection procedure
with a fixed sample size [7]. Therefore, we proposed the
joint sequential object detection and tracking approach based
on Wald’s sequential probability ratio test (SPRT) and the
Kalman filter in [8]. However, it is very difficult to rigorously
prove that the Wald’s SPRT will eventually terminate in this
approach as the successive measurements are dependent under
hypothesis H; which means the existence of a target. Since
it was proved in [7] that the SPRT procedure will terminate
with probability one if the observations are independent, we
propose a terminative joint sequential object detection and
tracking algorithm in this paper by constructing a sequence of
independent observations based on the sensor measurements.
In this new approach, two hypothesis testing statistics are fused
to guarantee that the sequential test will not only eventually
terminate but also keep the power of our previous approach.

The paper is organized as follows. The joint sequential
object detection and tracking algorithm proposed in [8] is
summarized in Section II. In Section III, the terminative
joint sequential object detection and tracking algorithm is
proposed. The simulation results provided in Section IV show



the performance of proposed algorithm. Finally, the paper is
concluded in Section V.

II. PROBLEM FORMULATION

The joint sequential detection and tracking approach pro-
posed in [8] is summarized in this section. Let us assume that
under hypothesis Hi, an object exists and its motion could
be modeled by the following discrete-time linear system state
equation [9]

X1 = Fxp + vy (D

where x;. is n, X 1 state vector at time k, F is n, X n, state
transition matrix, vy, is the process noise at time k, and I" is the
gain matrix for vy. Furthermore, {vy} is a sequence of white
Gaussian process noise with E(vy) = 0 and E(vyv}) = Q
forall k=1,2,---.

The measurement equation is
z = Hxp, + Wy 2)

where zj, is the n. x 1 measurement vector at time k, H is
the n, X n, measurement matrix, and w;, is the measurement
noise at time k. Also, {wy} is a sequence of white Gaussian
measurement noise with E(wy) = 0 and E(w,yw}) = R,
fork=1,2,---.

Let us assume that under hypothesis Hjp, no object exists
and the measurement is purely noise

Zp — U (3)

where uys are independent and identically distributed (i.i.d.)
and follow Gaussian distribution with mean p and covariance
R.,. The sequences {vy}, {w}, and {u} are independent
with each other.

Since the measurements are independent over time under
hypothesis Hp and the likelihood function p(z1.x|H;) can
be calculated using chain rule under hypothesis H;, the log-
likelihood ratio for the measurements accumulated up to the
Kth step can be written in the following summation form

p(z1.x|H1)

p(z1.x|Ho)

p(z1|H1) H;cK;ll P(Zk41|21:1, H1)

4

T, p(ze|Ho) @

K K
P(2k|z1:0—1, Hy)

— Y gt PE— L ) N g

2 loE ) kz:: ¢

k=1

logA(z1.x) = log

= log

in which
p(zk|Z1:6—1, H1)
O & log——trEm 0 0 5
2 g (2| Ho) )

and zp.9 is an empty set.

By using the Kalman filter, we can obtain p(z|21.x—1, H1)
as follows

p(zk|Z1:6—1, H1)
|27S |*% 7(zkfﬂ”"c““*l)TS}l(’k’H’"‘Mk—l) ©)
= |&TTE (&
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where Sy, is the measurement residual covariance, and Xy, _;
is the predicted state given the accumulated measurements
z1.;—1. Under hypothesis Hy, it is easy to show that

 (-m TR ()
2

p(zk|Ho) = |27R, | Ze )
Substituting (6) and (7) in (5), we have
1 R, 1 _
Ok =*10g| 4 Sz — ) Ry (2 — )
2 %8s, T2 ®
1 . _ .
- é(zk — Hgypp1) S (2 — Hyppoo1)

Let t4(z1.x) = ZZkK:l Ok be the hypothesis testing
statistic. According to (4) and (8), we have

to(z1.x) = 2logA(z1.x)
g, R
= {10{% (2 - 1) Rz — B) ()
k=1 k|

— (2 — H)”(k‘k_l)TS,zl(Zk - Hf(k\k—l)}

Since the measurements are dependent over time under
hypothesis H1, in this case the optimum detector is in the form
of a generalized sequential probability ratio test (GSPRT) [10],
[11]. However, the thresholds used in GSPRT are functions of
K and the determination of them is still an open problem.
Due to the difficulty of implementing the optimal GSPRT,
a new joint sequential detection and tracking algorithm by
using Wald’s SPRT was proposed in [8] and is summarized

as follows
> 2logA  stop and accept H;
to(z1.5)< < 2logB stop and accept H (10)
otherwise continue

where A and B are two thresholds which can be determined by
pre-specified probabilities of false alarm and missed detection.

III. TERMINATIVE JOINT DETECTION AND TRACKING
A. Independent Observations

The Wald’s SPRT terminates with probability one on the
premise of the observations are independent [7]. Therefore, we
construct a sequence of independent observations {y} based
on the measurements {z} to make sure that the Wald’s SPRT
will eventually terminate.

To construct independent observations {yy}, we only need
to consider the measurements under hypothesis H;. Because
the measurements under hypothesis H, are independent and
identically distributed, and the linear combination of them are
still independent and identically distributed. Under hypothesis
Hy, we know that the process noise sequence {v} and
measurement noise sequence {wy} are independent of each
other. So, the measurements z; and z; are correlated only
because they depend on the correlated states x; and x; respec-
tively. Since the measurements are linear functions of states,
the independent observations can be constructed by linear
combination of zxs in which the coefficient corresponding to
X} should be zero.



Since zgi,, is a linear function of F™x; for any m =
0,1,2,..., we can generate the independent observations {yy}
in the form of linear combination of {z;} as long as we
find a polynomial equation of F. Let us take a look at the
characteristic equation of F.

k(\) = |\I—F|
= A p AT e A p, (D
=0

where the p;s determined by the eigenvalues of F. Let us
denote the ith eigenvalue of F as \;. The characteristic
equation of F can be rewritten as

N

=[[x=x)=o0 (12)

i=1

K(N)

According to Cayley-Hamilton theorem, we know that
the square matrix F' satisfies its own characteristic equation.
Therefore, we have

"{(F) =F"e _|_p1Fle—1 + +pnz—1F +pnII

“[[F- D=0 (13)

According to (13), the independent observations {y} is
constructed as follows

Yk =Z(n,+1)k + P1B(ny+1)k—1 T -

(14)
+ p7bz—lz(nz+l)k—(nz—1) + Pn,Z

(ne+1)k—ny

By linearly combining zjs in this way, it can be shown that
the terms containing xjs will be canceled out. This is the
general way to construct yy for any n,. To show that {y}
is a sequence of independent observations clearly and find the
distribution of yy, let us take n, = 2 as an example. In this
case, F is a 2 x 2 matrix, and the characteristic equation of F
becomes

K(F) = F? + piF + pol
= (F — MI)(F — A1) (15)
=F> - (M +0)F+ A 0I=0

*()\1 + )\2) and P2 = Alkg‘

According to (15), the observation yy in (14) becomes

where p; =

Yk = Z3k + P1Z3k—1 + P2Z3k—2

16
=23, — (A1 + A2)z3k—1 + M Aaz3p—_2 (16)

Z3k, Z3k—1, and zgg_o are expanded as functions of x3j_o
as follows
z3, = Hxgp + w3y,
=H(Fx3,_1 +Tva,_1) + wap (17)
= H(F?x3;—2 + FT'va,_2 + T'vap_1) + w3
Z3p—1 = HX3p_1 + W3p_1 (18)
=H(Fxsp_2 + T'var_2) + War_1

and

Z3i—2 = HX3p_2 + W3p_2 (19)
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Substituting (17), (18), and (19) in (16), we have
Vi = z3k — (A1 + A2)Z3p—1 + A1 A2zsr—2
=H { [Fz - ()\1 + /\2)F + )\1)\21] X3k—2
+[F— (M + X)) Tvagp_o + Tvge_1}
+wap — (A1 + A2)Wak_1 + A AaWsg_o
where the coefficient of xg;_o is equal to zero as shown in
(15). So, the observation yy, is as follows
yi =H{[F — (A + )] Tvg_o + Tvgp_1}
+ wap — (A1 + A2)Wak—1 + At AaWsp—2

(20)

@n

Obviously, {yx} follow i.i.d. Gaussian distribution under
Hi, because the observation yy, is linear combination of Gaus-
sian distributed {v} and {wy}, and the adjacent observation
Yi+1 is as follows which has no common items with yy.

Yit1 = Z3k+3 — (M1 + A2)Zskp2 + A A2Z3gt1
=H{[F — (M + )T Tvapp1 + Tvspga} (22)
+ W33 — (A1 + A2)Wakt2 + M AoWsip

Now, we derive the distribution of i.i.d. observations yy
under H; and Hy, respectively. Let Py, and Py, denote the
covariance matrice under H; and Hj, respectively. According
to (21), we get P, as follows

Py, = H{[F — (1 + ) TQL" [F — (\ + A1

+I‘QFT} H” + XA+ (M +2)° + 1] Ry,
(23)
Obviously, the mean of y; under H; is zero. Therefore,
yk|H1 ~1.1.d. N(O, PHl)-
yi under Hy is obtained in the same way as (16) and we
have

Vil Ho = z3r — (A1 + A2)Z3p—1 + A1 AoZ3r—2

24
=ug; — (A1 + Ao)usp_1 + A1 dousg_o @4

It’s easy to show that y|Ho ~ i.i.d. N (0, Pp,) where
Pu, = [AIA3+ (A1 + ) + 1] Ry, (25)

From (23) and (25), we know that the covariance matrices
Py, and Py, are time invariant. So, they can be calculated
offline.

B. Fused Hypothesis Testing Statistic

Since we know the distributions of yj; under both hy-
potheses, the log-likelihood ratio is adopted to generate the
hypothesis testing statistic. For the convenience of description,
we still take n, = 2 for example. The hypothesis testing
statistic for the observations accumulated up to the Lth step
based on the independent observations {yy} is

to(y1.L) = 2log POl ) [T p(yelH1)
| p(yiclHo) TT;_, p(yx|Ho)
L
Yk\Hl
=2 lo 26
Z 2 1 Ho) 26)

=1

= [logP FPLyr — yiPy vk
=1



where L =1,2,---.

To guarantee that the joint sequential object detection and
tracking approach in [8] will eventually terminate with proba-
bility one, a terminative approach is constructed as follows by
applying a fused hypothesis testing statistic.

1)  Hypothesis H; will be accepted and the sequential
test will terminate if

Uk > 2logA (27)
where

Uk = max{t.(z1.x), to(y1:|x/3))}  (28)

2)  Hypothesis Hy will be accepted and the sequential
test will terminate if

Lk < 2logB 29)
where

Ly =min{t.(z1.x), tb(y1: x/3))}  (30)

3)  Otherwise, the sequential test will continue to take
the next sample.

In this procedure, ¢,(z1.x) is calculated for each positive
integer K, and t4(y1.k/3) is fused together with ¢,(z1.x)
when K = 3r,r = 1,2,---. This procedure will terminate
if either the larger one between t,(z1.x) and ty(y1.x/3) is
greater than or equal to 2logA or the smaller one is less than
or equal to 2logB when K = 3r,r =1,2,---. When K # 3r,
equivalently only #,(z1.x) is used to make decision, since
t5(y1:|k/3)) does not contribute any new information. If we
only use #5(y1.|k/3]) as hypothesis testing statistic in Wald’s
SPRT, it will eventually terminate as yxs are independent. It’s
easy to show that the proposed approach will also terminate
with probability one since the Wald’s SPRT procedure will
terminate as long as either ¢, (z1.x) or t5(y1: k3] ) crosses one
threshold. By applying the same procedure, this terminative
joint sequential object detection and tracking approach can be
applied to general problems with an arbitrary n,.

The thresholds A and B are set using the same method as
in [8]: let & and (3 be the nominal probabilities of false alarm
and miss respectively. Then, A and B are obtained by A =
% and B = % Regarding the actual probabilities of false
alarm o/ and miss ', we will investigate their relationship
with « and 8 in our future work.

IV. SIMULATION RESULTS

The average sample number (ASN), probability of false
alarm, and probability of miss of the proposed approach are
evaluated under different SNRs in this section.

Let us assume that an object is moving in a 1-dimensional
space with its state at time k denoted as xj, = (& &]”, where
&, and & are the object’s position and velocity at time k,
respectively. The state transition matrix is

1 T,
ERY

where Ty = 0.5 seconds is the time interval between two
measurements. The eigenvalues of F are Ay = Ay = 1, and

532

\ +underHO
181 \\ 7efunderH1’

5 ; ; 3
25 -20 -15 -10 -5
SNR (dB)

Fig. 1. ASN vs. SNR

we choose n, = 2 in this example. In the joint detection
and tracking system, there is a sensor measuring the object’s
position over time. Therefore, the measurement matrix is H =
[1 0]. The process noise gain matrix T in (1) is [72/2 T]7.
The variance of state process noise is () = 0.01. The mean of
the object’s initial state is Xgg = [0 1.5]7, and its covariance
is Pgjg = diag([1000,1]). The mean of measurement noise
under Hj is same as the position mean of Xy, namely p =
0. The variance of measurement noise under Hy, R,,, is the
same as the position variance of xg, which is Pgjo(1,1). Both
probability of false alarm and probability of miss are set to
1073, All the simulation results are based on 10° Monte Carlo
simulations. The SNR is defined as Fisher information about
the object’s position contained in zy. Therefore, the SNR in
decibels is equal to 10log,(1/R,,) in this case.

We evaluate the ASN required by the proposed approach
under different SNRs first. The simulation results are shown in
Fig. 1, from which we know that ASN is inversely proportional
to SNR. This is just as we have expected. We know that
when the SNR increases, the distance between distributions
of observations under two hypotheses also increases. So, the
proposed approach will take less time to terminate under higher
SNR. From Fig. 1, we also know that the ASN under low SNR
conditions is small, which means that the proposed approach
will terminate quickly even when the signal is very weak.

To show the advantage of the proposed fused approach,
we compare it with the dependent approach which is our
previous work [8] and the independent approach which only
uses t5(y1:k/3) in Wald’s SPRT. Under H, the ASNs required
by each approach under different SNRs are shown in TABLE I,
from which we know that the ASN required by the proposed
fused approach is the lowest. In this particular example,
the fused statistic provides a slight improvement over the
dependent approach as in [8] in terms of the ASN. Under
H1, the simulation results are shown in TABLE II, which are
similar to those under Hy.

The probabilities of errors made by the proposed approach
are tested in this experiment. The probability of false alarm and
probability of miss under different SNRs are shown in Fig. 2
and Fig. 3, respectively. Obviously, the actual probabilities
of error o/ and (3’ are less than the nominal probabilities of



TABLE 1. COMPARE ASN AMONG THREE APPROACHES UNDER Hy
SNR (dB) -25 -20 -15 -10 -5
Dependent approach 16.1303 5.0296 | 3.0880 | 2.4848 | 2.2477
Independent approach 51.6410 12.3935 6.3170 | 4.4636 3.7322
Fused approach 16.0878 5.0094 | 3.0791 24810 | 2.2460

and two hypothesis testing statistics cooperate with each other
to guarantee that the Wald’s SPRT procedure will eventually
terminate and keep the good performance of the approach
proposed in our previous work [8] in detection and tracking.
Numerical results show that the proposed algorithm requires
a small ASN with low probabilities of errors under low SNRs
and the probabilities of errors are smaller than the nominal

TABLE II. COMPARE ASN AMONG THREE APPROACHES UNDER H1
SNR (dB) -25 -20 -15 -10 -5
Dependent approach 19.7756 9.7470 6.5429 5.1206 4.3073
Independent approach | 91.5980 | 31.5792 18.4958 13.3509 10.1639
Fused approach 19.7698 9.7461 6.5424 5.1205 4.3073

15 T T T
—&— - Nominal probability of false alarm
—*— Actual probability of false alarm

Probability of false alarm

;

0 i
-25 -20 -15 -10 -5
SNR (dB)

Fig. 2. Probability of False Alarm vs. SNR
x 10
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—+— Actual probability of miss
S O S 4
g
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0.5 4
i i ‘
-25 -20 -15 -10 -
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Fig. 3. Probability of Miss vs. SNR

error « and 3, respectively. We also know that o’ and /3’ are
inversely proportional to SNR from Fig. 2 and Fig. 3. This is
because the hypothesis testing statistics will pass the correct
threshold with higher probability under lower disturbance of
noise.

V. CONCLUSION

We proposed a terminative joint sequential object detection
and tracking approach in this paper. In this approach, the
adjacent measurements are combined together to generate a se-
quence of independent and identically distributed observations,
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probabilities of errors.
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