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Abstract - We propose a new method to estimate the
trajectory of a source based on the two angles of the
arrival lines of two waves emitted by the source but
propagating with two different speeds. This difference
between speeds is due to either the different natures of
the waves or the different natures of the media in which
the waves propagate. The source is assumed to move
with a constant velocity and the observer is motionless.
First we prove that such a trajectory is observable, and
then we propose the maximum likelihood estimate
(under Gaussian hypothesis) which is shown to be
almost efficient.

Keywords: Bearings-only TMA, estimation, Fisher
information  matrix, Cramér-Rao lower  bound,
observability.

1 Introduction

When we look at a plane in the sky, most of the time we
do not hear the sound of the engine coming from its
direction. We have all done this experiment which allows
young children to realize that sound travels slower than
light. In this paper, we propose a new way to passively
estimate the trajectory of a source (or target) by
simultaneously exploiting the angles of the “lines of sight”
(LOS) and the angles of the “lines of sound”. Indeed,
fusing these two pieces of information makes the
trajectory of a source (whose velocity is constant)
observable. Hence, the estimation can be envisaged. All
these points are examined in this paper, yielding an
original method. Indeed, to our knowledge, this problem
has never been studied in the open literature. Still, this
method is of great interest because it can be carried out in,
for instance, naval contexts when a passive radar and a
passive sonar are available, and more generally when a
source emits two kinds of signals propagating with
different speeds.

In some papers, the so-called “delayed measurements” are
taken into account; for example, in [6] “out-of-sequence
measurements” sent by a set of sensors and received by a
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single center are synchronized by estimating each time
delay. In [6-12], this time delay is on-line estimated to
reduce the bias of the estimator of targets position. Hence,
the time delay appears as a “drawback” of the propagation
phenomena. Here, it must be considered as an advantage
allowing one to propose a “low-cost” estimation of the
target trajectory.

Our paper is composed of three main sections:

Section 2 is devoted to the definition of our problem. We
give the notations employed subsequently.

In Section 3, we prove that the trajectory of the source is
observable when at least three instantaneous bearings and
a delayed bearing are available.

The estimation of the trajectory is developed in Section 4.
The Cramér-Rao lower bound is computed and three
typical scenarios are treated to give the performance of the
maximum likelihood estimator via Monte Carlo
simulations. A conclusion follows.

2 Hypotheses and notations

Consider a passive motionless observer (O) and a target
(T) moving with a constant velocity (or CV motion). The
origin of the Cartesian coordinates of the plane in which
the two protagonists are, is chosen to be at the location of
the observer. In this coordinate system, the position of the
target at time t is denoted

B (0)=[x:() y, ()" =R()sin6() cosot)]"
velocity is V=[x y]" =v[siny cosy]". The trajectory
of the target obeys the following equation:
P.(t)=PB.(¢*)+(t—¢*)V, t* being an arbitrary reference
time. We denote x,(¢*)=x and y,(t*)=y. The trajectory

and its

of the source is entirely characterized by the state vector
X=[x y x y]". Note that whatever ¢ is, the target
and the observer are never located at the same place, i.e.

[, () 3 (@]=[0 0.

At any time, the observer simultaneously measures two
angles: the angle of the “line of sight” (LOS) and the angle
of the “line of sound”. Of course, the propagation delay
of the light is negligible whereas that of the sound must be
taken into consideration. So, we can say that the angle of



the LOS is equal to @(¢) and the angle of the line of sound

0,(t) Opt)=6lt~1{r).  The
propagation satisfies the recursion

is delayed by z{¢):
7(r)

T(t)zm, where ¢ is the propagation speed of
C

delay

sound in the environment. It can be computed by the
following expression

) WL )| B0 - A ()

]

, proved

in the Appendix.
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Figure 1. Example of scenario.

At time [, , the observer acquires the measured angles
am(tk) and eD,m(tk):
em(tk) = e(tk)+‘9(tk)
HD,m(lk) = eu(tk)+eu([k)a for k=1,2,..,N -
£,(t) and £(t,) are the additive noise, assumed to be

and

zero-mean and Gaussian. Their covariance matrix are
respectively equal to diag(o%) and diag(o-z) (assumed to
be known).

We will assume subsequently that ¢, =(k—1)As, where At
is the measurement period. With no loss of generality, we
choose r*=0.

We aim to estimate the trajectory of the source from the
two sets {6,@), k=12,..,N} and

{QD,m(tk)a k :1, 2, ceey N }
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In the following section, we prove that the trajectory is
observable  from {6@w,), k=1,2,.,N} and

{6,(t), k=12, ..N}.

3 Observability Analysis

31

First, we have the following one-way condition:

6l6) = Arg s, (0, ()] = o) _ )
cos(t) v, (¢

xp(t)cos(t) -y, (¢)siné(t) =

Preamble

)

& 0. (1)
Replacing x,(¢) by x+¢x and y_(¢) by y+¢y in (1) leads
to
xcosé(t)— ysin&(t)+txcosb(t)—1 ysin@(t)=0.
& R(t)[xcosB(t)— ysin&(t)+ xcosO(t)—t ysind(t)] =0

& xyp(O)=yx (O)+1iy,(6)=tyx(6)=0
ie., after  re-introducing  the

@) =x,() t,(0) —tx,(0)]x =0.

Remark:
We emphasize the fact that (1) is not equivalent to

0(t)= Arg[x, (1), y,(¢)] since (1) remains valid when @(¢) is
replaced by 6(¢)+ 7.

state vector,

Proposition 1
Consider a target in CV motion, detected in three LOS at

times t|, t,,and f; by a motionless observer.

If the three LOS are not equal, then the set of targets in CV
motion detected in the same LOS is defined by the set of

the state vector {X’, such as 31> 0, X'= 1 X}.

Proof:
Without loss of generality, we assume that ¢, =0.
Consider the three different azimuths 9(f1 ), 0(;2 ), ¢9(¢3 ) of
the LOS. By construction, the system
Xr (tl )COS e(tl)_ Yr (tl )Sin a(tl ) =0
X7 (tz )COS e(tz ) —Jr (tz )Sin 9(t2 ) =0
Xr (t3 )COS 9(13 ) —Jr (t3 )Sin 9(t3 ) =0
can be expressed in the closed form
yr(tl) _xT(tl) 0 0 0
yr(tz) _xr(tz) tz)’r(tz) - tzxr(tz) X=0
‘ yr(t3) _xr(t3) t3)’r(t3) _t3xr(t3) 0
=M

@




The analysis of observability is to identify any four-
dimensional vectors X~ which can be a solution of (2),
ie. MX'=0,.In other words, we have to identify the null

space of M.
We are going to prove that Rank(M)=3. Obviously,
Rank(M)<3.
Compute the determinant of the submatrix composed by
the last three columns:
-x,(,) 0 0
D, =det| —x, (tz) LYr (tz) —1X; (tz)
—Xr (ts) Lyr (ts) — Xy (ts)
=Lt Xy (tl )[yT (tz )xT (ts )_ Xr (tz )yr (ts )]
=41 (tz —t3)(j)x—)'cy)x.
Now, compute the determinant of the (3x3)matrix
composed by the first column and the last two columns of
Yr (t1) 0 0
M:D, =det| y,(t;) t,y7(6,) —1,57(8;)
yr(ts) tyr(t) —tx(5)
=~ 15 (1, ~15)x — )y .
We get ‘D1‘+‘D2‘ =—1, 1 (tz _t3) ‘j}x—)&y‘ qx‘ +‘y‘) - Hence
|D,|+|D,| is not equal to zero unless jx—iy=0, ie. the

T are collinear. This case,

vectors [x y|"and [x j]
corresponding to the scenario where 9(’1)= 0([2)2 9(;3), is
discarded by assumption.

Hence, the rank of M is equal to 3 and, as a consequence,
the dimension of its null space is equal to 1. We conclude

that 34 sit. X'=4X .

This condition is necessary but not sufficient. In order to
respect the equality 6(¢,) = Arg[Ax, (1, ), Ay(z, )] for
ie {1, 2,3}, the scalar 4 must be strictly positive.

[

Remarks: (i) The above proof is widely inspired by [1] ; a
version in continuous time can be found in some
pioneering papers such as [3, 4]; (ii) a similar result can be
found in [2] for continuous time; (iii) consequently, we are

able to compute the azimuth @) at any time t.

3.2 Analysis
Proposition 2

509

Consider a target in CV motion, detected in three LOS at
times t,, t,, and ¢, and a line of sound at time t, by a
motionless observer.

Then the trajectory of this target is observable provided

that the three LOS are not equal.

Proof:
We know from Proposition 1 that the set of targets
detected in three LOS and a line of sound is contained in

the set A={X'=AX,, for A>0}. At time ¢,, we acquire
the angle of the line of sound @, (,) and we compute
ot Y ), thanks to Proposition 1.

We denote A and A’, the respective positions of the target
and of a A -homothetic solution at time t4—1(t4), and B
and B’ their respective positions at time ¢,. The speed V'
of the A -homothetic solution is obviously equal to Av .

Figure 2 illustrates the trajectory of the target and one
homothetic solution:

North

A

Homothetic solution

Figure 2. The target and a homothetic solution.

From the Thales’ theorem (or intercept theorem), we get
AB o4

AB 04
with  04=R(t,-(t,))=c1(t,), 04 =R(t,-7(t,))=c7t,)
AB=vz(t,) and A'B'=v7(t,). In these expressions,

)= R’(t4 _Tl(t4)) .
C

Since 0A4’= 104, we get 7(t,)=A(t,). We end up with
AB =2vt(t,)-
The equality 4’B’=A4B  implies hence
Avr(t,)= (), s0 A=1,and X" isequalto X .*

7,

that



4 Estimation

4.1 Computation of the Cramér-Rao lower

bound

The Cramér-Rao lower bound (CRLB) is the inverse of
the Fisher information matrix (FIM) given by the well-

known formula
N

1
Z?VXG(X,tk)Vﬁ(e(X,tk)

k=1

F(X)=

N

1
+ Z—ZVXQD(X,tk WLe,(X,t,)
k=1 %p

Only the computation of V.0,(X.t,) needs some
development, which is presented in the Appendix.

4.2 The chosen estimator

We chose the maximum likelihood estimator (MLE)
that is identical to the least squares estimator minimizing
the

criterion
N 1 ) N 1 2
=Y —6,t)-0X i) +Y —16,,, (1) -6, (X1
=10 k=10p

since the noise is assumed to be Gaussian.

The Gauss-Newton routine is employed for this
minimization. The Hessian is based upon the expression of
the FIM presented above.

4.3 Monte Carlo simulations

In our simulations, three types of targets have been
considered: a vessel (low speed), a helicopter (medium
speed), and an airplane (high speed). No numerical
problem has been noted. The units employed are those of
the international metric system (meters for the distances
and meters per second for the speeds). The Gauss-Newton
routine was initialized with

X, =[1000 1000 0 0]"(m, m, m/s, m/s). For each
example, we carried out 500 Monte-Carlo simulations. We
computed the sampling standard deviation & which we

compared to the square root of the corresponding diagonal
element of the CRLB Ccrus.

4.3.1 Vessel

We assume that the observer has a camera or a
periscope (in the underwater context) and a passive sonar
system. Each system measures an angle at regular instants.

The target starts from P.(0)=[-2000 3000]" (m), with a
speed equal to 5 m/s and a heading of 90°.

The speed of sound (in the water), the sampling period, the
standard deviations and the number of measurements are
chosen to be ¢=1500m/s, At=4s, 0,=05°, 0=0.5°,

and N =225. The performance obtained with 500 Monte
Carlo simulations is summarized in Table 1 and the
estimated positions (at initial time), together with the 90%
confidence ellipses (at initial and final times), are depicted
in Figure 3.

Table 1. Performance of the MLE in the vessel case.
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X Bias (o} O crip

2000 (m) | 2.3 517.4 532.4

3000 (m) 4.4 778.6 801

5 (m/s) 0.06 13 133

0 (m/s) 0 0.017 0.016
/

4000 -

North (km)

N
N

L
-2000

3000

2000

~
1000 [

. o . . . )
~1000 0 1000 2000 3000 4000
East (m)

0 L
—-4000 -3000

Figure 3. The vessel trajectory, the estimates of the
initial position, and the 90% confidence ellipses.

4.3.2 Helicopter

Now, a passive radar and a passive sonar are mounted on
the observer. The target’s initial position is

P,(0)=[-300 2000]"(m). The velocity is equal to
[50 0] (ms).

The number of measurements is N =10. The sampling
period is chosen to be Ar=1s. The observer acquires 10
pairs of measurements. The speed of sound (in the air) is
¢=330m/s. The standard deviations are ¢, =1° and
o =1°. Table 2 presents the performance of the estimator

(bias and standard deviation to be compared to those
computed with the CRLB). The estimated positions (at




initial time) and the 90% confidence ellipses (at initial and
final times) are plotted in Figure 4.

Table 2. Performance of the MLE in the helicopter case.

At=1s. The standard deviations are ¢,=1°and o=1°,

respectively. The performance was evaluated with 500
Monte Carlo runs and is presented in Table 3. The
estimated positions (at the initial time) are depicted in
Figure 5, together with the 90% confidence ellipses (at
initial and final times).

Table 3. Performance of the MLE in the airplane case.

X Bias o Ocrip
-300 (m) 0.03 13.92 13.61
2000 (m) | 1.4 148.68 155.71
50 (m/s) 0.06 2.8 2.75

0 (m/s) 0.1 27.6 27.5

2500

2000

1500

1000

500

L L & L L
-1000 -500 0 500 1000

Figure 4(a). The helicopter trajectory, the estimates of the
initial position, and the 90% confidence ellipses.
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Figure 4(b). Magnification of the confidence ellipse, and
the estimates at the initial time.

4.3.3 Airplane

In this last example, the target flies with a speed equal to
150 m/s. The heading is still 90°. Its starts from the point
P.(0)=[-500 2000]" (m). Again, the observer collects 10

pairs of measurements only, with the sampling period
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X Bias o] O cris

-500 (m) 0.03 9.25 9.82

2000 (m) 0.35 51.53 51.85

150 (m/s) | 0.05 248 246

0 (m/s) 0.43 8.38 9.17
2000{ ,5’] J

1800 -

1600 [

1400

1200

North (m)

1000 -

800~

600 [

400

200

. &
-200 0
East (m)

0

L L L L L L L L L
-1000 -800 -600 —400 200 400 600 800 1000

Figure 5(a). The airplane trajectory, the estimates of the
initial position, and the 90% confidence ellipses.
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Figure 5(b). Magnification of the confidence ellipse, and
the estimates at the initial time.




4.3.4 Comments on these examples

The values presented in Tables 1, 2, and 3 reveal that the
MLE is fairly efficient: no significant difference between
6 and o, is noted. Of course, the performance of this

new TMA method is up to a rotation. In any other case, the
evaluation of the CRLB can give us prior information
about the interest of this technique. At this stage, these
three examples are very encouraging to pursue this study.

5 Conclusion

In this paper, we have proposed an original way to
passively estimate the trajectory of a source emitting two
kinds of waves, each of them propagating with different
speeds. In the examples given here, we consider
electromagnetic waves and acoustic waves. The
asymptotic performance (given by the CRLB) let expect
that this method was very interesting. The behavior of the
maximum likelihood estimator confirms this, through
numerous Monte Carlo simulations. This approach could
be extended to the case of acoustic waves only, but
propagating in two different media with two different
speeds, for example in the air and on the ground for a
terrestrial vehicle.

This algorithm is protected under the patent NO 1461970.
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Appendix

1. Computation of the time delay
In the following expressions, 7 stands for 7(f):
AP =R¥t-1)
=|B0)+(-7)V |
=|| B0 +2(~7)V "B (0)+ () |V [
| RO + 2= B0+ ~2er ) v |
=| 2, (0)| +2tV " B(0)+ *v* —27V " B (0) 2t 7v* + 77 v*

=[P (0)+ V| =227 Po(0)+1 v? )+ 22 v
o 22 =v?)+2e(P" B (0)+1 v? )| P (0)+ 1V =0-
Note that ¢*—y* >0 and | PT(0)+tVH2 >0 ; the two roots

of this equation are of opposite sign. Only the positive root
is the value sought:
(V7 P, (0)+¢ )

2 2
c -V

>

\/(VTPT(0)+t Vv (e =) | P 0)+ v

=)
or equivalently
)= J[V%J%(cz( —v2>)PT<r>

+

’ _VTPT(I)

2. Computation of the FIM
Recall that

N

1
Z?Vxe(x,rk WIO(X,t,)

k=1

F(Xx)

.l
+ ZO_—ZVXGD (X,t)Vi6,(X,t1,).

D
k=1

We readily obtain



Vi 0(X.t)=

[cosﬂ(tk) —sinﬁ(tk) t cosﬁ(tk) —tksinﬁ(tk)]T.

1
R(t; )

The difficulty is in computing V, k@, (X,z,) due to the

recursive definition of 7{z, ).

We denote _9_ the derivative w.r.t. the i" component of

de,
X,i=1,2234:
aeb(tk)_ 1 _ axT(tk _T(tk))
e
—x,(t, -(t,)) ayT(tka; z(t, ))}
_ 1 ox; (tk _T(tk ))
e e S
—siné@, (tk )ayr (tka_ T(tk )):|
We now detail each derivative: l
axr(tk _T(tk))zl_xaf(tk) (A2)
ox ox
9 T(tk _T(tk )) . aT(tk)
- ox - ox (A9
axT (tk — T(tk )) =—x aT(tk ) (A4)
dy dy
ayT(tk _1(11()):1_)-/87(5{) (AS)
ay ay
axT(tk _T(tk)):t —T(l‘ )_xa‘[(l‘k) (A6)
ox Lo ox
o) __, st )
axT(tk _1(11( )) :_xa‘[(l‘k) (A8)
ay ay
ayT(tk _.T(tk)) =t, —T(tk )_)'/a,[(.tk) (A9)
ay ay

Computation  of 9z(t,) can be done by using

¢ (1) = x7 (6, = 7(6 )+ 7 (g — (2, ) - We get

A
+ st —7(t ))M
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Recalling that ¢*z(z, )=c R(z, —7(z,)).
x,(t, —7(t,)) = R(t, - 7(t,))sin 6, (¢, ) and
v, (t, —7(t,)) = R(z, — 7(¢,))cos B, (¢, ), we obtain
o7(r,) )2 b ~7(4,) ()2l =7(0).
a k

c—* =sin @, (¢, +cosé,
e, e, de,

i i

a) Expression of M :
ox

c o(t,) =sind,(t, )[1 - xag(tk)} —cos,(t, )y o(t,)

ox x ox
oz(t,) . . 4
= T( c+xsin@,(t, )+ cosb,(t,) )=sinb,(t,)
X
o 97() _ sin6,(t,) , (A10)
ox  c+xsinf,(s,)+y cosb,(z,)
b) Expression of a7(,) :
dy
c 9r(t,) =—sind,(t, )xm +cos@,(t, ) 1-y 9(t,)
oy dy dy
o 97(6) _ cos6,(t,) . (All)

dy  c+xsinb,(t,)+y cosb,(t,)

¢) Expression of M :
ox
orlt . .otz _arls
c a(x"):stD (t, )[tk —(t,)-% B(J&k ):|—COSHD (t, )y B(Xk)

o 7l) [t — (¢, )lsin 6, (z,) (A12)

0 c+xsind,(t, )+ y cosb,(t,)

d) Expression of M:
ay
c aT(.t") =—sind,(t, )xM +cosb,(t, )[Zk —7(t,)-» aT(.tk )}
ox ox ox
o orle) _ [ —7le)leosd,(n) (A13)
oy c+xsind,(t)+y cos,lt,)
Inserting (A10) - (A13) in (A2) - (A9), we get
oy ( —7()) _ | isin6,(t,) (A14)
ox c+x sind,(z,)+y cosb,l(t,)
ayT(tk _T(Zk ) __ ysmeo(lk) (A15)
ox c+x sind,(z,)+y cosb,(z,)
o, (6, —7(1,)) __ icosd,(t,) (A16)
dy c+x sind,(t,)+y cosd,(t,)
ayr(tk _7(tk)):1_ J'/COSGD(tk) (A17)
ay c+x sind,(z,)+y cosd,(z,)



0x; (tk — T(tk )) _ [Z _ T(Z )] ox; (tk - 7(% )) (A18)
ox , , ox
ayr(tk _7(tk)) =[t —T(t )]ayT(tk _7(tk )) (A19)
ox , g ox

a’“f((tka‘y. Ti’k )))) =, — o) 2t =) (’(ka;f(f; )))) (A20)
ay,t, —7(t,)) 3 ay,(t, —zlt, A21
2l tl)_p, g 2t t) (a21)
Inserting now (A14) — (A21) in (A1), we obtain
96, (t) = {cosa, (z,)

ox R; ([k _T(tk )) ot

. ysin@,(t,)—x cos6,(t,)
+5in6,(1) L +x sin@,(t,)+y cosb,(t, )}

20, (t,) 1 .

o RG-d)

ysin@,(t,)—x cosf,(z,)
+eosf, (tk ) L +x sinf, (tk)+j/ cos@, (tk )}}

96,(6) _, __( 196b(t)

blta) g, 2!
aHD(tk) — [t —T(t )]aHD(tk)

. k k )y

Note that }13.}8%’76([") = agigk)

i i
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